
Testing quantum-like models of judgment

for conjunction fallacy
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1 Introduction

Conjunction fallacy is a bias that was first empirically documented by Kahneman and
Tversky (1982, 1983) through a now renowned experiment in which subjects are presented
with a description of someone called “Linda”:

“Linda is 31 years old, single, outspoken, and very bright. She majored in phi-
losophy. As a student, she was deeply concerned with issues of discrimination
and social justice, and also participated in anti-nuclear demonstrations.”

Then, subjects are shown a list of 8 possible outcomes describing her present employment
and activities, and are asked to rank the propositions by representativeness or probabil-
ity. In this experiment called “within-subject design”, two “target” items were specifically
tested:

(a) “Linda is a bank teller”, proposed in the sixth position among the eight proposals,

(b) “Linda is feminist and a bank teller”, proposed in the eighth position.

Empirical results show that people judge (b) more likely than (a), which is a typical fallacy
for classical models, since in classical probabilities a conjunction cannot be more probable
than one of its components (P (F ∩B) 6 P (B)).

Because of the surprising nature of the original experimental result, Kahneman and
Tversky, but also economists or psychologists more generally, have tried numerous and var-
ious experiments to look at the persistence or not of this fallacy (Mellers et al. 2001). New
protocols have been proposed, and their effects on experimental results have been observed.
Specific methodologies have also been tested in an attempt to reduce the magnitude of
the conjunction effect. For example, in the “between subjects” experiment, Kahneman and
Tversky (1982) divide participants into two groups. In each group, only seven propositions
were written — including just one of the two target items recalled above, (a) or (b). The
experimental result was that the fallacy still occurred. Then, Kahneman and Tversky —
thinking that this new design might “eliminate the error” — proposed an “increasingly
desperate” experiment in which they only ask to select the more probable item between
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(a) and (b). The results were still in favor of a persistent conjunction fallacy. In an-
other test, respondents were asked to rank four possible items about the next Wimbledon
tournament and the results of Borg’s match — or about US politics and Reagan’s budget
choices. In the same way, as re-described recently by Kahneman (2011) descriptions of
dead people caused by floods were tested. Considering these two scenarios, people were
asked to “evaluate their probability”:

(a) “ A massive flood somewhere in North America next year, in which more than 1,000
people drown”

(b) “An earthquake in California sometime next year, causing a flood in which more
than 1,000 people drown”

Every time, students confused the most likely scenario with the most consistent, co-
herent or most “plausible” one. Indeed Kahneman used the word “plausible” in the sense
of what can be expected, which seems to be able to be accepted, admitted, and considered
as the truth. In the flood example recalled above, people considered the earthquake in
California more probable — contrary to logic — because more details were given, mak-
ing this story more coherent. As proposed by Tversky (1977) or Kahneman and Tversky
(1982), “similarity or representativeness can be inscreased by specification of the target”
which means that adding details to a target (e.g. a story of flood in California) can render
it more likely. Then, in a completely different approach, to avoid terms of probabilities or
events, authors used a regular six-sided die with green and red faces and presented com-
binations of possible outcomes. Even with this new presentation and exercise, students
violate the conjunction rule and did not choose the most probable option — which is the
most inclusive event.

Under some specific conditions, Kahneman and Tversky were able to reduce the con-
junction fallacy, for example by changing percentages or probabilities into frequencies or
numbers. In the same direction, in a comprehensive and complete approach, Hertwig and
Gigerenzer (1999) offered a “frequency” description of Linda about 200 women and ask
respondents :

– “How many of the 200 women are bank tellers?”

– “How many of the 200 women are bank tellers and are active in the feminist movement?”

The results show that in a within-subject’s design with such frequencies, conjunction effect
disappeared. From theses works, several discussions have taken place about the seman-
tic and the design of Linda’s experiments. For example, Gigerenzer (1991) considered
that “frequency” representation would eliminate this bias whereas Kahneman and Tversky
(1996) showed that in between-subjects experiments — even in a frequency representation
—, responses would not respect the conjunction rule. As explained in Mellers et al. (2001),
other aspects of Linda’s experiment have been discussed, from the ambiguity of the term
“and” (Hertwig et al. 2008), that could be interpreted as a “union” operator (Hertwig,
1997) to the exact structure of sentences and the implicit meaning of each word, that are
used in the eight proposals. In the same way, some questions were given on the impact of
the filler items’ presence and contents (i.e the 6 other items that were neither “bank teller”
nor “feminist and bank teller”, Hertwig and Chase 1998). These many comments and
discussions in the literature have enabled to highlight the questions of misunderstanding
hypothesis (Moro 2009), of methodology, the weight of the design (Tentori et al. 2004,
Wedell and Moro 2007) as well as the major role of semantic and syntax in this fallacy
(Tentori and Crupi, 2008). However, the many experimental protocols and presentations
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have shown that the conjunction fallacy was robust to several changes (Stolartz-fantino et
al. 2003 or Erceg and Galic 2014) — but less in others (Hertwig and Gigerenzer 1999 or
Charness et al. 2010) .

The conjunction fallacy has become so famous that behavioral economists have been
interested to look at the consequences of this effect for understanding“real life economic be-
havior”. Thus economists have tried to measure the robustness of this bias in an economic
context. For example, Charness et al. (2010) tested subjects — in Linda’s experiment —
with monetary incentives, or allowing consultations and short discussions with others. In
both these new protocols, conjunction fallacy is being greatly reduced. Erceg and Galic
(2014) or Nilsson and Anderson (2010) studied conjunction fallacy in sport betting.

The topic has generated a large number of papers and debates about it, leading to
new questions of rationality, human decision making and reasoning in many fields such as
philosophy or economics (Hartmann and Mejs 2012, Tentori and Crupi 2012). A central
aim has been to account for the conjunction fallacy, and many mathematical models have
been proposed. To give a few recent examples, Von Sydow (2011) suggested a Bayesian
logic model, while Franco (2009) or Pothos and Busemeyer (2013) developed quantum-like
models.

These last models are called “quantum” because they rely on the mathematics of a
major contemporary physical theory, quantum mechanics — note that only some tools of
quantum mechanics are exploited, and the models are not justified by an application of
quantum physics to the brain. Such quantum-like (QL) models have been flourishing in
the last decade, in cognitive sciences and in decision theory, and they intend to account
for human judgments that are considered as irrational and paradoxical for a classical
framework. The mathematics from quantum mechanics provide some flexibility and help
to overcome some of the constraints implied by conventional mathematics like Bayesian
models that are usually employed by economists or psychologists to account for human
behavior.

Given the growing importance of these QL models in various fields, they deserve to be
studied and assessed. In this paper, we focus on these QL models that want to account for
the conjunction fallacy, and we adopt a critical viewpoint. Before presenting these models,
it is worth reviewing the various applications that have been made with QL models more
generally. The field of QL models is vast and is at the crossroads of economics, psychology,
physics, philosophy and mathematics.

In a first approach, QL models of judgment have been suggested to explain order
effect. This human paradoxical judgement — in which the answers given to two questions
depend on the order of presentation of these questions — has been highlighted by Schuman
and Presser (1981), Tourangeau, Ribs and Rasinsky (2000), or Moore (2002). Basically,
the idea of QL models here is to exploit the non-commutative features of the quantum
mathematical tools. Pothos and Busemeyer (2013) or Busemeyer and Bruza (2012) present
a QL model that accounts for several types of order effect. Along the sames lines, Wang
and Busemyer (2013) and Wang et al. (2014) propose a quantum-like model to explain
several polls on political or social issues that consist in asking two questions A and B in
two different orders according to groups. Then, Atmanspacher and Römer (2012) suggest
that Wang and Busemeyer’s model could be extended to mixed states. Also, Conte et al.
(2009) offer a quantum-like model that account for order effects in mental states “during
visual perception and ambiguous figures”.
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Another famous paradox is the violation of the sure thing principle, one of Savage’s
axioms for expected utility (1954). This principle states that if someone prefers choosing
action A to B under a specific state of the world and also prefers choosing A to B in
the complementarity state, then he should choose A over B regardless of the state of
the world. The paradoxes of Allais (1953) or Ellsberg (1961) and the disjunction effect
highlighted by Shafir and Tversky (1992) show the violation of this axiom. To account
for this “irrational behavior” for classical theories, some QL models have been proposed.
Busemeyer, Wang and Townsend (2006) compare Markov models with a quantum-like
dynamic model and reveal that interference effect can produce new predictions that could
explain the disjunction effect. In the same way, Busemeyer and Wang (2007) construct
a QL “information processing model” to account for the disjunction effect, and compare
it with a markov Model. Khrennikov and Haven (2009) then use the wave function to
understand Ellsberg paradox. Pothos and Busemeyer (2009), Busemeyer et al.(2009) or
Trueblood and Busemeyer (2011) proposed a dynamic QLmodel — in the Hilbert space,
with the Schrödinger’s equation — that rely on a time evolution of the mental state to
account for some experiments described by Kahneman and Tversky. In another approach,
Aerts et al. (2011) introduce the notion of “quantum conceptual thought” to offer a QL
model that illustrates the Hawäı problem.

An other empirical feature, such as asymmetry judgments in “similarity”, has also been
investigated with QL models. Tversky (1977), discussed later by Ashby and Perrin (1988)
“provides empirical evidence for asymmetric similarities and argues that similarity should
not be treated as a symmetric relation”. According to Tversky, asymmetry in judgments
of similarity means that “A is like B” is not equivalent to “B is like A” such that “we tend
to select the more salient stimulus” for a referent, and the less one for “a subject”. To
illustrate this concept, Tversky highlights that we used to say “North Korea is like red
China”, but not “Red China is like North Korea”. To account for this fallacy, Pothos and
Busemeyer (2011) introduce a quantum probability similarity model that predict violations
in similarity judgments.

QL models have been developed not only in decision theory but also in game theory
(Wilkens and Lewenstein (1999)). Also, Lambert-Mogiliansky et al. (2009) propose to
rethink agents’ preferences as being indeterminate. In this way, an agent is described by a
state that is a superposition of preferences. This enables to explain several phenomena of
non-commutativity in patterns of behavior such as in decision theory or in game theory.
More generally, Danilov and Lambert-Mogiliansky (2008) discuss the “cost” — in terms of
behavioral assumptions — to go to the Hilbert space model of QL model and connect it
with the notion of bounded rationality (Simon 1957).

Finally, QL models have been developed to account for the conjunction fallacy, as it has
been indicated above. Arguing that quantum formalism can violate the joint probability
rule of classical probability, Franco (2009) proposes a QL model to explain conjunction
fallacy’s experimental results, relying on the interference effect. Busemeyer et al. (2011),
Pothos and Busemeyer (2013) and Trueblood et al. (2014) offer an account of the con-
junction fallacy in Linda’s original experiment, supposing that the cognitive process acts
in some orderly and sequential way, such that subjects evaluate first “the more probable
possible outcome” and then less probable outcomes.

Here, we focus on these QL models for the conjunction fallacy. The central concern
of our paper is the empirical adequacy of these models. To what extent have they been
empirically tested? The answer from the literature is that these models are able to ac-
count for existing data regarding the fallacy (e.g Franco 2009, Yukalov and Sornette 2011
or Busemeyer and Bruza 2012). We propose to go further, and to test other empirical

4



predictions of these models — predictions that are about other situations than the Linda
experiment. For these new predictions, we follow the suggestion made by Boyer-Kassem,
Duchêne and Guerci (2015), and consider to test the so-called “Grand Reciprocity” equa-
tions, which happen in an order-effect situation. We discuss here for which QL models for
conjunction fallacy these equations hold. Are these Grand Reciprocity equations actually
empirically verified? This is a question that the existing data cannot answer, as noted in
2009 by Franco:

“There are no experimental data on order effects in conjunction fallacy experi-
ments, when the judgments are performed in different orders. Such an experi-
ment could be helpful to better understand the possible judgment strategies.”

We intend to fill this gap here, by running an experiment that collects the needed data —
the ones that Franco is talking about are exactly those needed to test the GR equations.
Note that the methodology is novel: we are not testing the QL models against data
produced by traditional conjunction fallacy experiments that the model were designed to
explain, but we are testing them against other data, in a new experimental framework on
which the models actually make some predictions. So, the experimental situation we shall
consider is different from the usual Linda experiment.

The paper is structured as follows. In section 2, a theoretical and general QL model
is introduced, which summarizes several existing QL models in the literature that account
for the conjunction fallacy. Then we introduce the Grand Reciprocity equations that the
model must satisfy (Section 3), and which are equalities of conditional probabilities. To
test these GR equations, we design and run a new Linda-like experiment, that is introduce
in section 4. The results (in section 5) show that several quantum-like models for the
conjunction fallacy are not empirically adequate. In section 6, we discuss the consequences
of our results, and in particular the QL models that are promising and could replace the
failed ones. We discuss possible difficulties they might however encounter, and the other
models that could be tested in the same way.

2 The conjunction fallacy and its quantum-like models

2.1 Quantum-like models

To explain the conjunction fallacy and to account for the empirical results of Linda’s
experiment, models that rely on parts of quantum mechanics have been defended, by
Franco (2009), Busemeyer et al. (2011), Busemeyer and Bruza (2012), Pothos and Buse-
meyer (2013). For simplicity, we choose here to summarize them with a single model with
our own notations, but the correspondence with the various models from the literature
can easily be made by the reader. Also, for pedagogical purposes, we shall consider the
conjunction fallacy through a Linda experiment, but the generalization to other instances
of the conjunction fallacy are straightforward.

According to the quantum-like models, an agent evaluates the propositions in a Linda
experiment by answering for herself successively two simple dichotomous yes-no questions:
F = “Is Linda a feminist?” and B = “Is Linda a bank teller?” (the way the answers to
these questions are used to rank the propositions is detailed in the subsequent section). As
a consequence, the quantum-like models are based on these questions and their answers,
and not on the propositions to be evaluated themselves.

A vector space is introduced to represent the answers: answers “yes” and “no” to
question F are respectively represented by the vectors Fy and Fn, and similarly with By
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and Bn for answers to question B. The sets (By, Bn) and (Fy, Fn) respectively represent
all possible answers to question B and F , and thus is a basis of the vector space, which is
of dimension 2. Note that it is the same vector space that is used to represents answers
to questions B and F ; we have just indicated two different bases for this space.

The vector space is equipped with a scalar product, thus becoming a Hilbert space: for
two vectors W and X, the scalar product W ·X is a complex number. The order of the
vectors within a scalar product here matters: X ·W is the complex conjugate of W ·X.
The above bases are supposed to be orthogonal: By ·Bn = Fy · Fn = 0, and of unitary
norm: By ·By = Bn ·Bn = Fy · Fy = Fn · Fn = 1. A representation of the bases can be
found on Figure 1 [Left].
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Figure 1: [Left:] The two bases corresponding to the answers “yes” and “no” to questions
B and F . [Right:] The state vector Ψ can be decomposed on the two orthonormal bases
(the scalar products on By and Bn are indicated). These figures assume the special case
of a Hilbert space on real numbers.

An agent’s state of belief is also represented within this Hilbert space, by a normalized
vector Ψ. This vector can be decomposed in either of the two above-mentioned bases, as
indicated on Figure 1 [Right]:

Ψ = (By ·Ψ)By + (Bn ·Ψ)Bn = (Fy ·Ψ)Fy + (Fn ·Ψ)Fn. (1)

The belief state Ψ gathers all the relevant information needed to predict the behavior of
the agent, in the following way. Predictions by the quantum-like models are probabilistic.
When a question X (X = B or F ) is asked, the probability that the agent answers i
(i = y or n) is given by the squared modulus of the scalar product between the belief
state and the vector representing the answer:

Pr(Xi) = |Xi ·Ψ|2. (2)

This rule is usually called the Born rule, in analogy with the quantum mechanics denomina-
tion. Thanks to this rule, one can compute the probability that the agent gives each of the
4 answers, in case questions B or F asked. One easily checks that Pr(Xy) + Pr(Xn) = 1,
because Ψ is normalized. In the case of a real Hilbert space like on Figure 1, a geometric
interpretation of the Born rule is the following: to compute the probability to answer, say,
“yes” to question B, orthogonally project Ψ on By — this gives the length By ·Ψ ; the
desired probability is just the squared of this length. So, the more Ψ is aligned with a
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basis vector Xi, the larger the probability is that the agent will answer i if question X is
posed (note the “if question X is posed” part: in quantum-like models, the probabilities of
answers are defined only in the context when the corresponding question is posed).

The last postulate of the quantum-like model has to do with the way Ψ changes over
time. First, when the agent doesn’t answer a question, Ψ doesn’t change. This conveys
the fact that the agent’s beliefs are not influenced in some way or another. This hypothesis
is supposed to be relevant for cases in which the questions are posed to the agent relatively
quickly. Second, when the agent answers a question B or F , her state of belief changes. If
her answer to question X is i, then her new state of belief just after giving the answer is:

Ψ 7−→ Xi ·Ψ
|Xi ·Ψ|

Xi. (3)

As the fraction is a complex number, the above equation means that the state of belief
after an answer Xi is proportional to the vector representing this answer, Xi. In the case
of a real Hilbert space like on Figure 1, this means that after answering, say, “yes” to
question B, Ψ becomes either By or −By, whatever the state of belief was before the
question. In other words, after a question X has been posed, the state of belief is bound
to be along the basis vectors representing its answers. The Equation 3 can be interpreted
as follows: the (Xi ·Ψ)Xi part represents the fact that Ψ is projected on Xi, the basis
vector representing the given answer; the 1/|Xi ·Ψ| part is then just a multiplicative factor
that ensures that the new state of belief is normalized. For that reason, the above rule is
often called the projection postulate.

Because of the projection postulate, the states before and after an answer will be
different, in general. The only case in which they are the same is when the state previous
to the answer is proportional to one of the basis vectors representing the possible answers
to the question, i. e. when Ψ = λXi, where λ is a complex number such that |λ| = 1 (in
the real case, it amounts to Ψ = ±Xi). In this case, indeed, there is a probability 1 that
the agent answers i to question X, and Equation 3 just states that Ψ 7−→ Xi. The fact
that, in general, the state of belief changes when a question is answered is a real departure
from classical theories. Classically, an answer to a question is supposed to reveal a belief,
which is pre-existent to the question, and which is precisely the same before and after the
question. But here, this cannot be the case: in general, the state of belief is modified by
the fact that the question is posed and answered. There is a consolation, however: once
a question has been posed, the same answer will be given if the same question is posed
again just after.

2.2 Accounting for the fallacy

Now, given this quantum-like model, the explanation of Linda’s experiment runs as
follows. First, when an agent considers the conjunction “Linda is a bank teller and a
feminist”, this conjunction is evaluated as a sequence of projections, corresponding to the
answers to two successive and dichotomous yes-no questions, namely taken among the set
{F,B}. Secondly, the actual description of Linda “makes it very likely that she is feminist,
very unlikely that she is a bank teller”. Thirdly, the hypothesis is made that “the more
probable possible outcome is evaluated first” — in other words, question F is evaluated
before question B.

As illustrated in Figure 1, the probability of considering that Linda is a bank teller
corresponds to the squared length of the projection of Ψ onto the bank teller vector By,
and p(B) = |α|2. On the other hand, the probability of considering her to be feminist and

7



bank teller corresponds to the squared length of the projection of Ψ onto two successive
vectors, first the |F 〉, and then |B〉, and p(F ∩B) = |β|2.

- Bn
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Figure 2: Illustration of QP explanation for Linda’s experiment

So, as is highlighted in the literature, there exist some model configurations, like the
one plotted in Figure 2, in which the probability to be judged feminist and bank teller is
higher than the probability to be judged bank teller, leading to

p(F ∩B) > p(B), (4)

in contradiction with classical models and in accordance with empirical results. A quantum-
like model of the conjunction fallacy has been provided.

3 The Grand Reciprocity equations

From the quantum-like model presented in Section 2.1, some new empirical predictions
can be derived. We follow here the work of Boyer-Kassem, Duchêne and Guerci (2015),
that have established these predictions in the case of a more general quantum-like model.

As the model is non-degenerate, i.e. the answers are represented by subspaces of
dimension 1, it can be shown that a well-known law from quantum mechanics, the law of
reciprocity, holds. In our model, this law states that, for (x, y) ∈ {B,F}2, and (i, j) ∈
{y, n}2,

p(yj |xi) = p(xi|yj). (5)

This law invites to consider the two questions F and B in one order or in the other,
and asserts that conditional probabilities of an answer given another answer are the same
whatever the order of the questions B and F . Note that this law is typically quantum: it
is not true in general a classical Bayesian model, in which p(yj |xi) = p(xi|yj)×p(yj)/p(xi),
and thus p(yj |xi) 6= p(xi|yj) as soon as p(yj) 6= p(xi).

This law of reciprocity is quite well-known in quantum-like models1. Here, it can be
instanciated in the following ways:

1Cf. Franco (2009, 417–418), Wang and Busemeyer (2009, 697–698), Busemeyer et al. (2011, 197),
Pothos and Busemeyer (2013, 317), Wang et al. (2014, 5).
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p(By|Fy) = p(Fy|By), (6)

p(Bn|Fy) = p(Fy|Bn), (7)

p(By|Fn) = p(Fn|By), (8)

p(Bn|Fn) = p(Fn|Bn). (9)

Some easy computation enable to show that the following equations, called the Grand
Reciprocity (GR) equations, hold (cf. Boyer-Kassem et al. 2005, Section 3.1):

{
p(By|Fy) = p(Fy|By) = p(Bn|Fn) = p(Fn|Bn), (10)

p(Bn|Fy) = p(Fy|Bn) = p(By|Fn) = p(Fn|By). (11)

These equations 10 and 11 are actually equivalent to one another, and equivalent to the
reciprocity law itself. 2 They state that the conditional probabilities that exist in the
B-then-F and F -then−B configurations are actually much constrained: among the eight
quantities that can be experimentally measured, there is just one free real parameter. In
other words, the quantum-like model presented in Section 2.1 actually leaves very little
freedom to conditional probabilities.

To the best of our knowledge, the fact that the conditional probabilities are constrained
by the GR equations had not been noticed beforehand for quantum-like models for con-
junction fallacy. Our bottom line in this paper is to experimentally test these empirical
claims the model makes. Note that these empirical predictions are consequences of the
quantum-like model that is used to explain the conjunction fallacy in the Linda experi-
ment, and that these consequences are observable in experimental situations — B-then-F
and F -then-B situations — that are not the ones of the original Linda experiment. In
other words, the GR equations show that the quantum-like model that is used to explain
a Linda experiment can be further tested on another kind of experiment. This is what the
next Section considers.

4 Experimental protocol

In order to test the GR equations, which are empirical predictions of the QL models
for conjunction fallacy we consider, we have realized the above-mentioned experimental
situations in which agents are asked B-then-F questions, or F -then-B ones.

The experiment was conducted October 10th, 2014, in the experimental economics
laboratory (LEEN) of the University Nice Sophia Antipolis (France). After entering in
the laboratory, subjects received a very brief oral description of the task, namely that
they first read a short text, and then answer to some questions. The experiment is a
computerized one, with the z-Tree computer program (Fischbacher 1999). The first screen
of the computer presented the standard description of Linda (please refer to appendix A
for screenshots) and after a few minutes the two distinct questions,

F : “Is Linda feminist?”

B: “Is Linda a bank teller?”

2For some generalizations of these GR equations, and comments on the link between these equations
and other concepts like double-stochasticity, cf. Boyer-Kassem et al. (2015), Section 3.
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were proposed in sequence. In the first treatment (called FB treatment) questions were
asked in the order F -then-B, in the second one (called BF treatment) questions were
asked in the inverse order B-then-F . Seven sessions involving NFB = 187 students were
conducted for FB, whereas six sessions involving NBF = 167 students were conducted for
BF . In total, 354 undergraduate and graduate students were randomly recruited at the
end of classes in economics or in management that were not aware of the original Linda
experiment. The experiment was conducted on purpose in only one day: all necessary
precautions were taken to organize the sessions in such a way to avoid discussions among
students having and not having performed the experiment — these aspects are of course
of dramatic importance in an experiment aiming at detecting subtle psychological biases.
Because of the“improvised”recruitment (students didn’t join the laboratory for a scheduled
appointment), of the very short length of the task and of the absence of clear monetary
incentive schemes, we have adopted the methodological choice of not paying subjects — a
common choice in the literature.

5 Results

Let’s define F ∈ {Fy, Fn} as the binary random variable represented by question F
assuming only two possible values Fy for “yes” and Fy for “no”. Similarly, B ∈ {By, Bn}
is the random variable represented by question B assuming values By for “yes” and By for
“no”. Both treatments FB and BF are thus multinomial experiments, that is, statistical
experiments described by multinomial distributions. Each treatment has four possible out-
comes, for instance (By, Fy), (Bn, Fy), (By, Fn), (Bn, Fn) for FB. The frequency N(Bj , Fi)
is defined as the outcome of the counting process of independent and repeated trials repre-
sented by the people responding j to the first question B and then i to the second question
F (the order matters in our notation: N(Bj , Fi) refers to the B-then-F experiment).

Table 1 contains the two cross tabulations for both treatements FB and BF . The
second row reports the frequencies N(Fi, Bj) and N(Bj , Fi), respectively.

Table 1: Cross tabulations.

FB treatment

Outcomes (Fy, By) (Fn, By) (Fy, Bn) (Fn, Bn) Total

Frequencies 5 8 57 117 187

BF treatment

Outcomes (By, Fy) (Bn, Fy) (By, Fn) (Bn, Fn) Total

Frequencies 7 6 86 68 167

Given such frequencies, one can easily compute relative frequencies f(Fi, Bj) =
N(Fi,Bj)

NFB

and f(Bj , Fi) =
N(Bj ,Fi)

NBF
and relative conditional frequencies f(Fi|Bj) =

N(Fi,Bj)
N(Fi,·) and

f(Bj |Fi) =
N(Bj ,Fi)
N(·,Bj)

, where the dot notation indicates the marginal distributions.

As we aim at testing the GR equations, we can focus our statistical test on the first
set of 6 equations (eq. 10) only, as it is equivalent to the second one (eq. 11). Because
the conditional probabilities are not directly observable, conditional relative frequencies
are adopted as estimations. The GR condition can be rewritten in terms of conditional
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relative frequencies:

f(By|Fy) = f(Fy|By) = f(Bn|Fn) = f(Fn|Bn).

which thus consists in 6 two-by-two statistical tests. From a statistical viewpoint, this
implies the necessity of performing a correction of the type I error because of the multiple
comparisons. We apply the most conservative one, the Bonferroni correction.

In order to compare the conditional relative frequencies y and x, with the null hypoth-
esis that they are equal, a logit transformation of the values is performed:

log

(
y

1− y

)
= log

(
x

1− x

)
,

which implies equivalently that

log

(
x(1− y)

(1− x)y

)
= log(OR) = 0. (12)

The logarithm of the odds ratio X is a standard concept in statistical inference that is
characterized by an approximately normal sampling distribution (X ∼ N(log(OR), σ2))
under the hypothesis of a large sample approximation.

Thus, the first statistical test f(By|Fy) = f(Fy|By) easily leads to the following equiv-
alent formulation,

log

(
N(Fy, By)N(By, Fn)

N(Fy, Bn)N(By, Fy)

)
= 0, (13)

by expressing x = f(By|Fy) =
N(Fy ,By)
N(Fy ,·) and (1 − x) = f(Bn|Fy) =

N(Fy ,Bn)
N(Fy ,·) in eq. (12),

and similarly for y. Therefore, the information contained in the two cross tabulations
can be used to perform the wanted analysis. Further, the continuity correction is applied,
because the normal approximation to the binomial is used, which is effective in particular
for small values of N(Fi, Bbj) or N(Bj , Fi). The above test becomes

log

(
(N(Fy, By) + 0.5)(N(By, Fn) + 0.5)

(N(Fy, Bn) + 0.5)(N(By, Fy) + 0.5)

)
= 0. (14)

The standard error of the log odds ratio for the considered test is:

SEOR =

√
1

N(Fy, By)
+

1

N(By, Fn)
+

1

N(Fy, Bn)
+

1

N(By, Fy)
. (15)

It can be easily derived for each of the six tests by considering the square root of the sum
of the inverse of the four frequencies which are present in the OR.

Table 2 shows p-values for each of the six tests which have been carried out under the
hypothesis of

log(OR)

SEOR
∼ N(0, 1), (16)

Table 2 shows that 5 out of the 6 statistical tests reject the null of equality between
the two conditional frequencies — recall that only one rejection is needed to state that the
GR equations are not verified.

The interpretation of these results is quite clear: the non-degenerate QL model we
consider is not empirically adequate, as it predicts the GR equations which happen not
to be verified in our Linda-like experiment. As a consequence, this model cannot claim to
account for the conjunction fallacy.
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Table 2: p-values for each test. The rejection is highlighted (*) at the 1% significance level.

T1 T2 T3 T4 T5 T6

0.00018* 0.00000* 0.00000* 0.00006* 0.25065 0.00000*

6 Discussion: the future of quantum-like models for con-
junction fallacy

Beyond the negative rejection of the quantum-like models discussed in the previous
section, can we offer a more constructive suggestion? And how should we consider the
future of research in the modelling of conjunction fallacy, after these results? Several lines
of possible research can be distinguished.

First, it is true that there are other possible lines of research than standard quantum-
like models. For instance, Khrennikov has proposed to consider hyperbolic Hilbert space
models, instead of complex ones like in this paper. Hyperbolic models enable probabilities
that are not constrained in the same way, and can account for some data that are out of
reach for complex quantum-like models (see Khrennikov 2010 for a synthesis). Also, one
could try to abandon or modify other axioms of standard quantum-like models, like the
projection postulate or the Born rule.

But all quantum-like models have not been ruled out here: those to which the GR
equations do not apply, i.e. which consider degenerate eigenvalues, have not been tested.
So, a natural line of research is to turn to degenerate quantum-like models, where answers
are represented by sub-spaces of dimension 2 or larger. Our results do not indicate the end
of quantum-like models in general. They can be seen as suggesting instead more research
on quantum-like models, albeit on degenerate ones.

However, some difficulties with switching to degenerate models have to be acknowl-
edged. First is the question whether the replacing degenerate model is empirically equiv-
alent to, and thus can be reduced to, a non-degenerate model. If this is the case, then the
GR equations do apply. So, once a non-degenerate model has been ruled out, a degenerate
model is not an escape route unless it is shown not to be reducible to a non-degenerate
one. Second, degenerate models are not a priori freed from any constraint. Some other
equations than the GR equations might hold — some research is urgently needed here.
So, we suggest that, when research efforts are made to have degenerate models fit some
data sets, similar efforts be also directed towards the testing of these models, in all pos-
sible forms, so as to prevent later “bad surprises”. Another difficulty with developing
degenerate models is that introducing supplementary dimensions of degeneracy should be
somehow justified, so as not to be accused of being just ad hoc. In quantum physics for
instance, degeneration is usually theoretically justified with a symmetry in the Hamilto-
nian, and the degeneration can be experimentally removed by introducing some factor that
was not present (e.g., the spin degeneration is removed by introducing a magnetic field).
For quantum-like judgment models as well, one could try to provide a similar theoretical
justification and an experimental way of removing the degeneration. In this respect, the
idea that there exists fundamental questions and rays could be helpful; the work is then
to find out which fundamental dimensions are hidden behind the degenerate eigenspace.

In spite of the possible difficulties that we have just discussed, we remain convinced
that quantum-like models are a promising research line. They have brought to discussion
many provoking and seminal ideas, such as the hypotheses that preferences might be
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underdetermined instead of only unknown, or that non-classical probabilities could be
considered. At the same time, our contribution has clarified some important aspects of
quantum-like probabilistic models applied to human cognition. In the past, these aspects
have been neglected by the quantum literature. We believe that our results pose the
appropriate challenge to the scientific community to guide them on where to make future
investigations in the field. Indeed, our results suggest that non-degenerate quantum-like
models should be considered more as toy models than as empirically adequate models, and
that future investigations should focus on degenerate models.
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A Screenshots

We report the three screenshots of the experiment ordered according to the F->B
treatment. The text is in French.
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Figure 3: First screen - Description of Linda

Figure 4: Second screen, on Linda being a feminist.
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Figure 5: Third screen, on Linda being a bank teller.
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